We also investigate the hyperfine structure of the ground states of the four-body muonic quasi-
I. INTRODUCTION
In our earlier work [1] we have discussed the four-body muonic quasi-atoms a + b + µ − e − and some of their properties. Here and everywhere below, the notations a and b stand for the nuclei of the hydrogen isoptopes (p designates protium, d is deuterium and t is tritium), µ − (or µ) and e − (or e) designate the negatively charged muon and electron, respectively.
These muonic quasi-atoms are formed in liquid hydrogen/deuterium during muon-catalyzed
fusion. It appears that the four-body muonic quasi-atoms, e.g,
have many extraordinary properties which follow from their two-shell cluster structure. In particular, each of these ions has a heavy central nucleus abµ which is positively charged.
Spatial radius of such a three-body nucleus is R µ ≈ a 0 mµ
. One electron moves around this heavy nucleus at disctances R e ≈ a 0 , where a 0 is the Bohr radius. It is clear that R e ≫ R µ , since mµ me ≈ 206.768.
The two-shell cluster structure of these quasi-atoms allows one to predict a large number of their bound state properties without extensive numerical calculations. To check the overall accuracy of such predictions in [1] we have performed variational computations of the ground states in the six muonic atoms: ppµe, pdµe, ptµe, ddµe, dtµe and ttµe. In such calculations we used the following particle masses m p = 1836.152701 m e , m d = 3670.483014 m e , m t = 5496.92158 m e and m µ = 206.768262 m e . These values of the particle masses are often used in recent computations of muonic molecular ions abµ and other related systems. The same masses will be used in this study.
In this study we continue our analysis of the four-body quasi-atoms a + b + µ − e − and closely related five-body negatively charged ions a
. As follows from our preliminary evaluations (see below) the correspoding five-body negatively charged ions
− are stable and can be observed in actual experiments. These ions are of great interest for general theory of bound states in few-body systems with unit charges. In this study we want to investigate the stability of these five-body ions formed by the particles with unit charges. Another aim is to determine the hyperfine structure splitting of the ground states in the five-body abµe 2 ions and four-body abµe hydrogen-like quasi-atoms.
In particular, we discuss the hyperfine structure and determine the hyperfine structure splitting for the ground state of the pdµe quasi-atom and predict the results of possible future experiements.
II. BOUND STATES IN THE FOUR-BODY MUONIC QUASI-ATOMS
In our variational calculations of the four-body quasi-atoms a + b + µ − e − in [1] we have applied the variational expansion written in the basis of the six-dimensional (or four-body) gaussoids of relative (or inter-particle) scalar coordinates r ij . This variational expansion was originally proposed thirty years ago in [3] for accurate variational calculations of fewnucleon nuclei. For the bound S(L = 0)−states the variational anzatz of six-dimensional (or four-body) gaussoids in relative coordinates is written in the form [3] (1) where C k are the linear coefficients (or linear variational parameters), while α (k) ij are the optimized non-linear parameters. The notation ǫ ab P ab means the appropriate symmetrizer (or antisymmetrizer), i.e. a projection operator which produces the wave function with the correct permutation symmetry in those cases when a = b. This case is designated in Eq. (3) with the use of the delta-function. The operator P ab is the pair-permutation operator for all coordinates, i.e. for the spatial, spin, iso-spin, etc, coordinates. In these calculations we have used two trial wave functions with N = 400 and N = 600 terms, respectively. All non-linear parameters α (k) ij in Eq.(3) have been varied carefully. The results of new variational computations of the ground states in the six muonic quasiatoms ppµe, pdµe, ptµe, ddµe, dtµe and ttµe can be found in Table I , where the total energies of these quasi-atoms are given in atomic unitsh = 1, m e = 1, e = 1. These energies are slightly better than the analogous total energies obtained in [1] . In this study we need the improved total energies of the four-body muonic quasi-atoms a + b + µ − e − to show the stability of the corresponding five-body ions a + b + µ − e − e − which contain two electrons (see below).
Note also that there are twenty two bound states in the six three-body muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. Formally, each of these ions (in their ground and/or excited states) can bind an electron and form the four-body quasi-atom abµe. In this study we restrict ourselves to the analysis of the six ground states only.
III. STABILITY OF THE FIVE-BODY MUONIC IONS
As follows from the general theory, the stability of the four-body quasi-atoms a
means that the corresponding two-electron ions a
2 ) are also stable. Each of these ions must have only one bound state which is, in fact, a weakly bound state, i.e. its binding energy is ≤ 1 % of its total energy. Here, the stability means the energy stability against the following two-particle dissociation into quasi-atom abµe and free electron
Briefly, the word 'stability' means that the total energy of the five-body muonic ion
− is lower than the total energy of the four-body a In the zero-order approximation we can assume that R µ = 0 and R e = 1. This leads us to the hydrogen-like quasi-atoms abµe and negatively charged ions abµee. However, even in this approximation we cannot ignore correlations between different particles, and first of all electron-muon correlations. In the next order approximation when R µ > 0 the situation becomes more complicated. This requires an additional flexibility of the variational anzatz which is used to construct trial wave functions. In all five-body calculations performed in this study we have used the variational anzatz which is written in the ten-dimensional gaussoid functions (or five-body gaussoids) of the ten relative coordinates r ij [3] 
where C k are the linear coefficients (or linear variational parameters), while α (k) ij (= α ji ) are the optimized non-linear parameters. It is assumed in Eq.(3) that i < j. The notation P ab means the permutation operator of the two particles a (particle 1) and b (particle 2). Table I . In these calculations we have used 400 basis functions in Eq.(3), i.e. N = 400. The same Table contains the total variational energies of the ground states of the symmetric four-body quasi-atoms: , while deuteron's spin equals 1. The dimension of the total spin-space for the pdµe quasi-atom is 2 × 3 × 2 × 2 = 24. The representation of the rotation group acting in this spin space is represented as the direct sum of the corresponding irreducible representations. The ranks of such irreducible representations essentially determine the hyperfine structure, while the differences between hyperfine energy levels can be obtained by solving the corresponding eigenvalue problem (all details can be found in [7] ). The Hamiltonian (∆H) h.s. which represents the spin-spin interactions takes the following form (in atomic units) (see, e.g., [6] )
Additional phase
where α = and
The energy levels of the hyperfine structure and the corresponding structure splittings (differences between energy levels) can be found in Table II (two states). The total final dimension of this direct sum is: 4 + 6 + 2 + 4 + 2 + 4 + 2 = 24 as expected. The hyperfine structure splittings, i.e. the differences ∆, are shown in Table II . There are three large and three small ∆. In particular, the values of ∆ 12 , ∆ 34 and ∆ 67 are small. Very likely these differences are related with the protium-deuterium spinspin interaction which is very small by its absolute value, since the expectation value of the proton-deuteron delta-function is very small [5] . On the other hand, the values of ∆ 23 , ∆ 45
and ∆ 56 are relativey large. They are related with the electron-nuclear, electron-muon and muon-nuclear spin-spin interactions. A slightly more contrast picture can be obtained for the ground states in other muonic quasi-atoms, e.g., dtµe and ttµe. We have determined the hyperfine structures for the ground states in all six muonic quasi-atoms mentioned in [1] . The hyperfine structure of the ptµe quasi-atom can be found in Table III . In this case
, where M p = 2.792847386 and
. The hyperfine structure of the pdµe, ptµe and other similar quasi-atoms which contain Coulomb three-body quasi-nuclei abµ must be confirmed in future experiments.
V. CONCLUSION
Thus, we have illustrated by numerical means the stability of the bound five-body ions abµee in their ground states. Some of the properties of these five-body ions are also predicted. The hyperfine structure of these ions is identical to the hyperfine structure of the corresponing muonic molecular ions abµ. We also investigate the hyperfine structure of the four-body muonic quasi-atoms abµe which is substantially more complicated. To obtain this hyperfine structure splitting we have diagonalized the Hamiltonians of the spin-spin interactions which include six different terms and overall dimension up to 36 (for the ddµe and (ddµ) * e quasi-atoms). The hyperfine structure of the pdµe and ptµe quasi-atoms is investigated in details. 
